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A NOTE ON THE GENERALIZED
EULER NUMBERS AND POLYNOMIALS
Taekyun Kim
Abstract. In this paper, we derive some interesting symmetric properties for the
generalized Euler numbers and polynomials attached to χ using the p-adic invariant
integral on Zp.
§1. Introduction
Let p be an odd prime number. Throughout this paper Zp, Qp, C, and Cp will,
respectively, denote the ring of p-adic rational integers, the field of p-adic rational
numbers, the complex number field, and the completion of algebraic closure of Qp.
The normalized valuation in Cp is denoted by | · |p with |p|p =
1
p
. We say that f is
a uniformly differentiable function at a point a ∈ Zp and denote this property by
f ∈ UD(Zp), if the difference quotients Ff (x, y) =
f(x)− f(y)
x− y
have a limit l = f ′(a)
as (x, y)→ (a, a). For f ∈ UD(Zp), let us start with the expression∑
0≤j<pN
(−1)jf(j) =
∑
0≤j<pN
f(j)µ(j + pNZp),
representing a p-adic analogue of Riemann type sums for f , see [4-17]. The integral
of f on Zp will be defined as limit (n→∞) of those sums, when it exists. The p-adic
invariant integral on Zp of the function f ∈ UD(Zp) is defined as
(1) I(f) =
∫
Zp
f(x)dx = lim
N→∞
pN−1∑
x=0
f(x)(−1)x, see [4-17].
In this paper we investigate some symmetric properties related to the p-adic invari-
ant integral on Zp. By using these properties, we derive some interesting identities
related to the generalized Euler numbers and polynomials attached to χ.
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§2. Some symmetric identities of the generalized Euler polynomials attached to χ
The n-th Euler numbers En are defined as
(2)
2
et + 1
= eEt =
∞∑
n=0
En
tn
n!
, (cf.[1-13]),
with the usual convention about replacing En by En.
The n-th Euler polynomials En(x) are also defined as
En(x) =
n∑
l=0
(
n
l
)
xn−lEl, where
(
n
l
)
=
n · (n− 1) · · · (n− l + 1)
l!
, (see [1-6]).
From (1) we can easily derive
(3) I(f1) + I(f) = 2f(0), where f1(x) = f(x+ 1).
By continuing this process, we see that
I(fn) + (−1)
n−1I(f) = 2
n−1∑
l=0
(−1)n−1−lf(l), where fn(x) = f(x+ n).
When n is an odd positive integer, we obtain
(4) I(fn) + I(f) = 2
n−1∑
l=0
(−1)lf(l).
If n ∈ N with n ≡ 0 ( mod 2), then we have
(5) qnI(fn)− I(f) = 2
n−1∑
l=0
(−1)l−1f(l).
For a fixed odd positive integer d with (p, d) = 1, set
X = Xd = lim←−n
Z/dpnZ, X1 = Zp,
X∗ = ∪
0<a<dp
(a,p)=1
(a+ dpZp),
a+ dpnZp = {x ∈ X |x ≡ a (mod dp
n)},
where a ∈ Z lies in 0 ≤ a < dpn. Let χ be the Dirichlet’s character with conductor
d(= odd) ∈ N. If we take f(x) = χ(x)etx, then we have
2
(6)
∫
X
χ(y)e(x+y)tdy =
2
∑d−1
l=0 (−1)
lχ(l)elt
edt + 1
ext.
Now we define the generalized Euler polynomials attached to χ as follows:
(7)
2
∑d−1
l=0 (−1)
lχ(l)elt
edt + 1
ext =
∞∑
n=0
En,χ(x)
tn
n!
.
In particular x = 0, En,χ(= En,χ(0)) are called the n-th generalized Euler numbers
attached to χ. From (6) and (7), we note that
(8) En,χ(x) =
∫
X
χ(y)(x+ y)ndy.
For n ∈ N with n ≡ 1(mod 2), we have
(9)
∫
X
χ(x)e(nd+x)tdx+
∫
X
χ(x)extdx = 2
nd−1∑
l=0
(−1)lχ(l)elt.
Let
(10) Tk,χ(n) = 2
n∑
l=0
(−1)lχ(l)lk.
It is not difficult to show that
(11)
∫
X
e(x+nd)tχ(x)dx+
∫
X
χ(x)extdx =
2
∫
X
extχ(x)dx∫
X
endxtdx
=
∞∑
k=0
Tk,χ(nd− 1)
tk
k!
.
Let w1, w2 ∈ N with w1 ≡ 1(mod 2), w2 ≡ 1(mod 2). Then we consider following
double integral.
(12)
∫
X
∫
X
e(w1x1+w2x2)tχ(x1)χ(x2)dx1dx2∫
X
edw1w2xtdx
=
(
2(edw1w2t + 1)
(ew1dt + 1)(ew2dt + 1)
)(d−1∑
a=0
χ(a)ew1at(−1)a
)(
d−1∑
b=0
χ(b)ew2bt(−1)b
)
.
By (8) and (11), we see that
(13)
∫
X
χ(x)(dn+ x)kdx+
∫
x
χ(x)xkdx = Tk,χ(nd− 1).
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That is,
Ek,x(nd) + Ek,χ = Tk,χ(nd− 1).
Let
(14) Tχ(w1, w2) =
∫
X
∫
X
χ(x1)χ(x2)e
(w1x1+w2x2+w1w2x)tdx1dx2∫
x
edw1x3tdx3
.
From (12) and (14), we note that
(15)
Tχ(w1, w2)
=
(
2(edw1w2t + 1)ew1w2xt
(ew1dt + 1)(ew2dt + 1)
)(d−1∑
a=0
χ(a)(−1)aew1at
)(
d−1∑
b=0
χ(b)(−1)bew2bt
)
,
and Tχ(w1, w2) is symmetric in w1 and w2. By (6),(8),(11),(14), and (15), we see that
(15) Tχ(w1, w2) =
∞∑
l=0
(
l∑
i=0
(
l
i
)
Ei,χ(w2x)Tl−i,χ(dw1 − 1)w
i
1w
l−i
2
)
tl
l!
.
By the symmetric property of Tχ(w1, w2) in w1 and w2, we also see that
(16) Tχ(w1, w2) =
∞∑
l=0
(
l∑
i=0
(
l
i
)
wi2w
l−i
1 Ei,χ(w1x)Tl−i,χ(dw2 − 1)
)
tl
l!
.
By comparing the coefficients on the both sides of (15) and (16), we obtain the
following theorem.
Theorem 1. Let χ be the Dirichlet’s character with an odd conductor d ∈ N. For
w1, w2, d ∈ N with d ≡ 1( mod 2), w1 ≡ 1( mod 2), w2 ≡ 1( mod 2), we have
l∑
i=0
(
l
i
)
Ei,χ(w2x)Tl−i,χ(dw1 − 1)w
i
1w
l−i
2 =
l∑
i=0
(
l
i
)
Ei,χ(w1x)Tl−i,χ(dw2 − 1)w
i
2w
l−i
1 .
Remark. Setting x = 0 in Theorem 1 we obtain
l∑
i=0
(
l
i
)
Ei,χTl−i,χ(dw1 − 1)w
i
1w
l−i
2 =
l∑
i=0
(
l
i
)
Ei,χTl−i,χ(dw2 − 1)w
i
2w
l−i
1 .
From (14), we can derive
(17)
Tχ(w1, w2) =
dw1−1∑
l=0
(−1)l
∫
X
e
(x1+w2x+
w2
w1
l)tw1χ(x1)dx1
=
∞∑
n=0
(
dw1−1∑
l=0
(−1)lEn,χ(w2x+
w2
w1
l)wn1
)
tn
n!
.
On the other hand,
(18) Tχ(w1, w2) =
∞∑
n=0
(
dw2−1∑
l=0
(−1)lEn,χ(w1x+
w1
w2
l)wn2
)
tn
n!
.
By (17) and (18), we obtain the following theorem.
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Theorem 2. For w1, w2 ∈ N with w1 ≡ 1( mod 2), w2 ≡ 1( mod 2), we have
wn1
dw1−1∑
l=0
(−1)lEn,χ(w2x+
w2
w1
l) = wn2
dw2−1∑
l=0
(−1)lEn,χ(w1x+
w1
w2
l)
Remark. From the equations of the p-adic invariant integral on Zp, some interesting
identities of the Euler polynomials are derived in [6]. In this paper, we have studied
the symmetric properties of the generalized Euler polynomials attached to χ. To
derive the symmetric identities of the generalized Euler polynomials attached to χ,
we used the symmetric properties of p-adic invariant integrals on Zp.
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